9.2 - Sum and Difference Identities
Proof of the Difference Formula for Cosines
[image: ]Point P is at an angle α from the positive x-axis with coordinates (cosα, sinα) and point Q is at an angle of β from the positive x-axis with coordinates(cosβ,sinβ).Note the measure of angle POQ is α−β.

Label two more points: A at an angle of (α−β) from the positive x-axis with coordinates(cos(α−β), sin(α−β)); and point B with coordinates(1,0).Triangle POQ is a rotation of triangle AOB and thus the distance from P to Q is the same as the distance from A to B.


We can find the distance from P to Q using the distance formula.
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Using the Sum and Difference Formulas for Sine
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Examples
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Using the Sum and Difference Formulas for Tangent
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Using the Sum and Difference Formulas for Cofunctions
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Using the Sum and Difference Formulas to Verify Identities
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HOW TO

Given two angles, find the cosine of the difference between the angles.
1. Write the difference formula for cosine.
2. Substitute the values of the given angles into the formula.
3. Simplify.
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Find the exact value of cos (% — %) .
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Find the exact value of cos(105°).
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A GENERAL NOTE: SUM AND DIFFERENCE FORMULAS FOR SINE

These formulas can be used to calculate the sines of sums and differences of angles.
sin (@ + f) = sin & cos f + cos a sin

sin (@ — ) = sin @ cos f — cos a sin
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HOW TO

Given two angles, find the sine of the difference between the angles.
1. Write the difference formula for sine.
2. Substitute the given angles into the formula.
3. Simplify.
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Use the sum and difference identities to evaluate the
difference of the angles and show that part a equals part
b.

1. sin(45° — 30°)

2.sin(135° — 120°)
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Find the exact value of sin (cos‘lé +sin~! %) . Then
check the answer with a graphing calculator.
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A GENERAL NOTE: SUM AND DIFFERENCE
FORMULAS FOR TANGENT

The sum and difference formulas for tangent are:

tan (a — f) = tan o — tan

1 +tan a tan g
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HOW TO

Given two angles, find the tangent of the sum of the
angles.

1. Write the sum formula for tangent.

2. Substitute the given angles into the formula.

3. Simplify.
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2.

Find the exact value of tan (?” +

).

INHY
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Finding Multiple Sums and Differences of Angles

) 5 3 5 3% g
Given sin @ = 3,0 <a < %,cosﬂ: -5, 7<f< 7”,f|nd

1.sin (a + f)
2.cos(a+p)
3. tan (@ + f)
4. tan (@ — f)
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A GENERAL NOTE: COFUNCTION IDENTITIES
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sin @ = cos (% 0) cos @ = sin (% 0)
tan@-cot(% 0) cot § = tan(% 0)
sec @ = csc (% 0) csc O = sec (% 0)
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Write tan Z 9 in terms of its cofunction.
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Write sin % in terms of its cofunction.
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HOW TO

Given an identity, verify using sum and difference formulas.

1. Begin with the expression on the side of the equal sign that appears most
complex. Rewrite that expression until it matches the other side of the equal
sign. Occasionally, we might have to alter both sides, but working on only
one side is the most efficient.

2. Look for opportunities to use the sum and difference formulas.

3. Rewrite sums or differences of quotients as single quotients.

4. If the process becomes cumbersome, rewrite the expression in terms of sines
and cosines.
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Verify the identity sin(a + ) + sin(a — ) = 2 sin a cos f.
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Verify the following identity.
sin(a — f)

= tan a — tan
cos a cos f b
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Verify the identity: tan (z — ) = —tan 6.
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For a climbing wall, a guy-wire R is attached 47 feet high on a vertical pole.
Added support is provided by another guy-wire S attached 40 feet above
ground on the same pole. If the wires are attached to the ground 50 feet from
the pole, find the angle a between the wires. See Figure.
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dpg = \/(cos a — cos ) + (sin a — sin f§)°
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Sum formula for cosine cos (@ + ff) = cos a cos f —sin a sin f

Difference formula for cosine cos (@ — f)) = cos a cos f+ sin a sin
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A GENERAL NOTE: SUM AND DIFFERENCE FORMULAS FOR COSINE

These formulas can be used to calculate the cosine of sums and differences of angles.
cos(a + ff) = cos a cos f — sin a sin B

cos(a@ — ff) = cos a cos f + sin a sin B
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