5.5 – Zeros of Polynomial Functions

Evaluating a Polynomial Using the Remainder Theorem
In the last section, we learned how to divide polynomials. We can now use polynomial division to evaluate polynomials using the Remainder Theorem. If the polynomial is divided by x–k, the remainder may be found quickly by evaluating the polynomial function at k,that is, f(k).
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Using the Factor Theorem to Solve a Polynomial Equation
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Using the Rational Zero Theorem to Find Rational Zeros
Another use for the Remainder Theorem is to test whether a rational number is a zero for a given polynomial. But first we need a pool of rational numbers to test. The Rational Zero Theorem helps us to narrow down the number of possible rational zeros using the ratio of the factors of the constant term and factors of the leading coefficient of the polynomial.

Consider a quadratic function with two zeros, x=2/5 and x=3/4 . By the Factor Theorem, these zeros have factors associated with them. Let us set each factor equal to 0, and then construct the original quadratic function absent its stretching factor.
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Finding the Zeros of Polynomial Functions
The Rational Zero Theorem helps us to narrow down the list of possible rational zeros for a polynomial function. Once we have done this, we can use __________________________________ division repeatedly to determine all of the zeros of a polynomial function.
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Using the Fundamental Theorem of Algebra
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Using the Linear Factorization Theorem to Find Polynomials
The Linear Factorization Theorem tells us that a polynomial function will have the same number of factors as its degree, and that each factor will be in the form (x−c), where c is a complex number.
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Letf be a polynomial function with real coefficients, and suppose a+bi, b≠0, is a zero off(x). Then, by the Factor Theorem, x−(a+bi) is a factor of f(x). Forf to have real coefficients, x−(a−bi) must also be a factor off(x). This is true because any factor other than x−(a−bi), when multiplied by x−(a+bi), will leave imaginary components in the product. Only multiplication with conjugate pairs will eliminate the imaginary parts and result in real coefficients. In other words, if a polynomial function f with real coefficients has a complex zeroa+bi, then the complex conjugate a−bi must also be a zero of f(x).This is called the Complex Conjugate Theorem.
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Show that (x + 2) is a factor of x> — 6x2 — x + 30. Find the remaining factors. Use
the factors to determine the zeros of the polynomial.
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Use the Factor Theorem to find the zeros of f(x) = x> + 4x> — 4x — 16 given
that(x — 2) is a factor of the polynomial.




image9.png
2 _ _3_
x—s—Omx 4—0

5 —2=00r4x—-3=0
f(x) = (5x — 2)(4x — 3)

f(x) = 20x*> — 23x + 6

f(x) = (5 4)x% — 23x + (2 +3)
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A GENERAL NOTE: THE RATIONAL ZERO THEOREM

The Rational Zero Theorem states that, if the
polynomial f(x) = a,x" + 1™ + ... 4 aix + ag has integer coefficients, then every
rational zero of f(x) has the form % where p is a factor of the constant termap andgis a

factor of the leading coefficient a,,.

When the leading coefficient is 1, the possible rational zeros are the factors of the constant
term.
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HOW TO

Given a polynomial function f(x),use the Rational Zero Theorem to find rational zeros.
1. Determine all factors of the constant term and all factors of the leading coefficient.
2. Determine all possible values of %, where p is a factor of the constant term and g is

a factor of the leading coefficient. Be sure to include both positive and negative
candidates.
3. Determine which possible zeros are actual zeros by evaluating each case of f(f;’).
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List all possible rational zeros of f(x) = 2x% — 5x3 + x2 — 4.
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Use the Rational Zero Theorem to find the rational zeros
of f(x) = 2x3 + x2 — 4x + 1.
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Use the Rational Zero Theorem to find the rational zeros
of f(x) = x% — 5x% + 2x + 1.
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Given a polynomial function f,use synthetic division to find its zeros.

1. Use the Rational Zero Theorem to list all possible rational zeros of the function.

2. Use synthetic division to evaluate a given possible zero by synthetically dividing the
candidate into the polynomial. If the remainder is 0, the candidate is a zero. If the
remainder is not zero, discard the candidate.

3. Repeat step two using the quotient found with synthetic division. If possible,
continue until the quotient is a quadratic.

4. Find the zeros of the quadratic function. Two possible methods for solving
quadratics are factoring and using the quadratic formula.
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Find the zeros of f(x) = 4x> — 3x — 1.
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A GENERAL NOTE: THE FUNDAMENTAL THEOREM OF ALGEBRA

The Fundamental Theorem of Algebra states that, if f(x) is a polynomial of degree n > 0,
then f(x) has at least one complex zero.

We can use this theorem to argue that, if f(x) is a polynomial of degreen > 0, anda is a
non-zero real number, then f(x) has exactlyn linear factors

fx) = alx — c1)& — ¢2)...(x — ¢n)

where ¢y, €3, ..., C, are complex numbers. Therefore, f(x) has n roots if we allow for
multiplicities.
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Q&A

Does every polynomial have at least one imaginary zero?

No. Real numbers are a subset of complex numbers, but not the other way around. A
complex number is not necessarily imaginary. Real numbers are also complex numbers.




image19.png
Find the zeros of f(x) = 3x + 9x% + x + 3.
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Find the zeros of f(x) = 2x° + 5x% — 11x + 4.
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A GENEREAL NOTE: COMPLEX CONJUGATE THEOREM

According to the Linear Factorization Theorem, a polynomial function will have the same

number of factors as its degree, and each factor will be in the form (x — ¢), where ¢ is a
complex number.

If the polynomial functionf has real coefficients and a complex zero in the form a + bi,
then the complex conjugate of the zero, a — bi, is also a zero.
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HOW TO

Given the zeros of a polynomial function f and a point (c, f(c)) on the graph of f, use
the Linear Factorization Theorem to find the polynomial function.

1. Use the zeros to construct the linear factors of the polynomial.

2. Multiply the linear factors to expand the polynomial.

3. Substitute (c,f (¢)) into the function to determine the leading coefficient.
4. Simplify.
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Find a fourth degree polynomial with real coefficients that has zeros of -3, 2, i, such
thatf(—2) = 100.
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A GENERAL NOTE: THE REMAINDER THEOREM

If a polynomial f(x) is divided by x — k, then the remainder is the value (k).
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HOW TO

Given a polynomial function f,evaluate f (x) atx = k using the Remainder Theorem.
1. Use synthetic division to divide the polynomial by x — k.
2. The remainder is the valuef(k).
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Use the Remainder Theorem to evaluatef(x) = 6x* — x> — 15x% + 2x — 7
atx = 2.
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Use the Remainder Theorem to evaluatef(x) = 2x> — 3x* — 9x> + 8x2 4 2
atx = —3.
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A GENERAL NOTE: THE FACTOR THEOREM

According to the Factor Theorem, k is a zero of f(x) if and only if (x — k) is a factor

of f(x).
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HOW TO

Given a factor and a third-degree polynomial, use the Factor Theorem to factor the
polynomial.
1. Use synthetic division to divide the polynomial by (x — k).
. Confirm that the remainder is 0.
. Write the polynomial as the product of (x — k) and the quadratic quotient.
. If possible, factor the quadratic.

2
3
4
5. Write the polynomial as the product of factors.





[ ———

rtng oo s he e T

L eleenes ou 1o s oo Ve o e sl st e
oo o e b T bl ey 4, e b
Sy g o oot e s oo

'A GENERAL NOTE: THE REMAINDER THEOREM

1 poyromial 5)is dided by.x K, then heremandor s he value ().

How o

Gven  polynoma nction evsust () t. = k using the Remainder Theorem.
1 Use yineccvion o dide e polymoms oy - .
2 T remander o ik 1.

oo
st e Thoor 0 avakstef 1) = 6

S 427
ax=2.

Use th Fmainer Theorom o ovakate/ (1) = 20" ~ 3¢ = 9+ 8¢ +2
s




