3.7 – Inverse Functions
A reversible heat pump is a climate-control system that is an air conditioner and a heater in a single device. Operated in one direction, it pumps heat out of a house to provide cooling. Operating in reverse, it pumps heat into the building from the outside, even in cool weather, to provide heating. As a heater, a heat pump is several times more efficient than conventional electrical resistance heating.
If some physical machines can run in two directions, we might ask whether some of the function “machines” we have been studying can also run backwards. Figure provides a visual representation of this question. In this section, we will consider the reverse nature of functions.
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Verifying if Two Functions Are Inverse Functions
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Example
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Finding Domain and Range of Inverse Functions
The outputs of the function f are the inputs tof−1,so the range of f is also the domain of f−1.Likewise, because the inputs to f are the outputs of f−1,the domain of f is the range of f−1.We can visualize the situation as in Figure.
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When a function has no inverse function, it is possible to create a new function where that new function on a limited domain does have an inverse function.  For example, the inverse of  is , because a square “undoes” a square root.  But, the square is only the inverse of the square root on the domain , since that is the range of 
[image: ]
[image: ]

[image: ]

Example
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Finding and Evaluating Inverse Functions

Inverting Tabular Functions
Suppose we want to find the inverse of a function represented in table form. Remember that the domain of a function is the range of the inverse and the range of the function is the domain of the inverse. So we need to interchange the domain and range.Each row (or column) of inputs becomes the row (or column) of outputs for the inverse function. Similarly, each row (or column) of outputs becomes the row (or column) of inputs for the inverse function.
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Evaluating the Inverse of a Function, Given a Graph of the Original Function
[image: ]
Example 
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Finding Inverses of Functions Represented by Formulas
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Example 
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Finding Inverse Functions and Their Graphs
Graph .  Find the inverse function and graph it on the same set of axes.
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Graph . Find the inverse function and graph it on the same set of axes.
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Iff(x) = x> (the cube function) and g(x) = —x, isg=f"1?




image7.png
Iff(x) =(x—1)7>andg(x) = ¥x+ 1, isg =12
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Figure 3. Domain and range of a function and its inverse
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Q&A

Is it possible for a function to have more than one inverse?

No. If two supposedly different functions, say, g and h, both meet the definition of
being inverses of another function f, then you can prove that g = h. We have just
seen that some functions only have inverses if we restrict the domain of the original
function. In these cases, there may be more than one way to restrict the domain,
leading to different inverses. However, on any one domain, the original function still has
only one unique inverse.
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A GENERAL NOTE: DOMAIN AND RANGE OF INVERSE FUNCTIONS

The range of a function f(x) is the domain of the inverse function f ~! (x).

The domain of f(x) is the range of f ~1 (x).
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HOW TO

Given a function, find the domain and range of its inverse.

1. If the function is one-to-one, write the range of the original function as the
domain of the inverse, and write the domain of the original function as the range
of the inverse.

2. If the domain of the original function needs to be restricted to make it
one-to-one, then this restricted domain becomes the range of the inverse
function.
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The domain of functionf is (1, o) and the range of
function f is (—oo, —2). Find the domain and range of the inverse function.
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If for a particular one-to-one functionf(2) = 4 andf(5) = 12, what are the
corresponding input and output values for the inverse function?
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A function f(¢) is given in Table, showing distance in miles that a car has traveled
in minutes. Find and interpret f ~1(70).
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HOW TO

Given the graph of a function, evaluate its inverse at specific points.
1. Find the desired input on the y-axis of the given graph.
2. Read the inverse function’s output from the x-axis of the given graph.
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Using the graph in Figure, (a) find g ' (1),and (b) estimate g~ (4).
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HOW TO

Given a function represented by a formula, find the inverse.
1. Make suref is a one-to-one function.
2. Solve forx.
3. Interchange xand y.
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Find a formula for the inverse function that gives Fahrenheit temperature as a
function of Celsius temperature.

5
= —(F-32
@ 9( )
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Find the inverse of the function f (x) = % +4.
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Find the inverse of the functionf(x) = 2 + v/x — 4.
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Figure 1. Can a function “machine” operate in reverse?
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A GENERAL NOTE: INVERSE FUNCTION

For any one-to-one functionf(x) = y, a functionf ~! (x) is an inverse function

of fif f~1(y) = x. This can also be written asf ~! (f(x)) = xfor all xin the domain

of f. It also follows that f(f ~!(x)) = x for all x in the domain of f ! if f ~! is the inverse
of f.

The notation f ~! is read “f inverse.” Like any other function, we can use any variable
name as the input for f ~!, so we will often write f =1 (x), which we read as “f inverse
of x.” Keep in mind that

1
-1 =
o # ®

and not all functions have inverses.
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HOW TO

Given two functions f(x) and g(x), test whether the functions are inverses of
each other.
1. Determine whether f(g(x)) = x or g(f(x)) = x.
2. If either statement is true, then both are true, and g = f' ~land = g‘1 L f
either statement is false, then both are false, and g # f ' andf # g~!.
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Iff (x) = —andg(x) ——2|sg 779
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Iff (x) = x> —4andg(x) = Vx + 4, isg =f1?








