2.6 Solving Radical Equations

Now we will turn our attention back to solving equations. Since we
know how to operate with radicals now, we should be able to solve basic
equations involving them. We already know that a square will “undo” a
square root and a cube will “undo” a cube root, etc. We also know that
we can operate on any equation as long as we do the same thing to both
sides. We can use this knowledge to isolate our variable when it is inside
of a root such as this. Please note that this is only allowed with
equations, not with expressions. You can’t just randomly square or cube
an expression because this will change it. You must have two sides of
an equation in order to do anything to it (other than rewrite it in a
different form).

Examples

Solve each of the following equations for the indicated variable.

1. Vx=9

You probably already can see the answer to this one since you
know /81 = 9, but most radical equations do not have obvious
solutions, so we need a technique to solve them. We will
demonstrate our technique here, where we already know what the
answer should be. In order to isolate the variable, we need to
“undo” what has been done to it. We can square both sides to
“undo” the square root. The basic technique involves isolating the
radical and then squaring both sides.

\/J? =9 The radical is already isolated.
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2
(\/X) = 92 Now square both sides and
evaluate.

With radical equations, we must also check our answers by
plugging back into the original radical equation:

Isv81 = 9? Yes, itis!

2. Jy=3=4 o (Jy—-3) =4
>  y-3=16
+3 43

= y =19

Now, we must check our answer by plugging it into the original
equation: Isv19 —3 =4? Yes.

3. v5x—-9-6=0

First, we must isolate the square root. (If we try to square both
sides right now, we will not be able to get rid of the radical since

(V5x=9-6)" = (V5x =9 — 6)(v/5x — 9 — 6) and you would
need to FOIL this out to obtain a result that still has a radical in it!
Remember that exponents do not distribute over addition or
subtraction, as tempting as it may be....)
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VEx —9—-6=0 Isolate the radical first by
adding 6 to both sides.
+6 +6 ;

= Vox —9=6
= (\/Sx — 9)2 = 62 Now square both sides.

= 5x —9 =36

+9 49
= 5x =45
= x=9

Check: v5:9-9—-6=0

V45 -9 —6 =0
V36—-6=0
6—6=0

Sometimes, we will get more than one answer. We must check ALL
answers by plugging each into the original equation. If a solution doesn’t

satisfy the original equation, it is called extraneous. The next example
has an extraneous solution.

2 .
4. 1/Z +2 =2z =S ‘/Z + 2 — ZZ The radical is already
( ) isolated, so we can go ahead
= 7+ 2= Z2 and square both sides.
—zZ—2 —zZ—2

We end up with a

2 quadratic, so we need to
= 0=z z 2 get everything on one side
to set it equal to 0.
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Now factor and set

= 7—2=0 - 7+ 1=0 each factor equal to 0
to obtain two possible
solutions.

= zZ=2; z=-1

Check each answer:
z=2 z=-1

vV2+2=2 v=-1+4+2=-1

V4 =2 V1= -1 Nottrue

Therefore, the only true solution to the original equation is z = 2.
The other solution is extraneous.

5. Vx+1+5=x 2 Jx+1+5=x Isolate the radical first by
—5 —5 subtracting 5 from both
sides.

s> (Vx+1) =(x—5)?
Now square both sides to

B x4+1= x2 —10x + 25 eliminate the radical. You
must FOIL here.

—x—1 —x —1
This is a quadratic, so we
= 0=x%—11x+24 need to get everything on
one side to set it equal to 0.
= 0= (X — 8) (.'X' — 3) Now factor and set
each factor equal to 0
] to obtain two
= x—8=0 ;x—-3=0 possible solutions.
= x =8; x =3
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6.

Check each answer:

x=8 x=3
VB+1+5=8 V3+1+5=3
V9 +5=8 V4+5=3 Nottrue
3+5=8

Therefore, the only true solution to the original equation is x = 8.
The other solution is extraneous.

28—y—-2=y=> ([28-y—-2=y solate the radical first by
42 +2 adding 2 to both sides.

2 Now square both sides to
= (\/ 28 — y) = (y + 2)2 eliminate the radical. You
2 must FOIL here.
= 28—y=y“+4y+4
—28 + y + y — 28 This is a quadratic, so we

need to get everything on

= 0= yz + 5y — 24 one side to set it equal to 0.

= 0= (y + 8) (y —3) Now factor and set

each factor equal to 0
to obtain two

= y + 8=0 ; y — 3 =0 | possible solutions.
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Check each answer:

y=-8 y=3
J28—(-8)—2=-8 V28 —-3-2=3
V36 —2=-8 V25 -2 =

6—2=-8 Nottrue 5—-2=3

Therefore, the only true solution to the original equation is y = 3.
The other solution is extraneous.

The next two examples have more than one radical in the equation and
will require repeating the process of isolating a radical and squaring both
sides.

7. VEFA+VZ—1=5

What would happen if we squared both sides right now? This
would be a bit messy since we cannot distribute exponents over the
addition and we would need to multiply out the left side as follows:

(Vxtd+Vva—1) =(x+a+Vx—D)(Vax T4 +Vx—1)
=x—4+2Vx+4-Vx—1+x-1=2x+2(x+4)(x—-1)-5

This is a messier radical than the ones we started with and although
we could proceed with this method, there is a better way. By
eliminating one radical at a time, we will be able to keep the
radicands simpler and the numbers smaller. It is simpler to isolate
one of the radicals and square both sides and then isolate the
remaining radical and square both sides again. It doesn’t matter
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which radical you choose to isolate. You will get the same answer
in the end.

\/X + 4 + \/X - 1= 5 Isolate either radical first by

taking the other one to the other

= VJx+4=5—-vVx—1 side.

Now square both sides
——\ 2 —\2 to eliminate one of the
= ( X+ 4) = (5 — VX — 1) radicals. You must FOIL
here.
> x+4=25—-10Vx—-14+x—-1
Clean up the right side a
= x + 4 = 24 — 101/.')( — ]_ + x bit and then isolate the

remaining radical.
—x —24 —24 —X

= 20 = —10- /x -1 You can square both sides

without isolating the radical
completely if you like (since
—-20 —10\/xT1 exponents do distribute over
~10 — ~10 multiplication), bu.t e chose
to go ahead and divide by -
10 to isolate the radical

= 2 =+x—1 completely.

2 . .
= 22 — ( x — 1) N(‘)w'square both SI'd?S agalr.l to
eliminate the remaining radical.
= 4 =x—1
= 5=x

Check: x =5 V5+44++vV5—-1=5

V9 ++V4=5

3+2=5
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8 Vt—1++Vt+15=4

&> Vt—1=4-+t+15

> (Vi=1) = (4—vt+15)°

&> t—1=16—-8Vt+15+t+15
&> t—1=31-8/t+15 +t

—t—31 —31 —t
=N —32=-8Vt+15
o —32 _ —8vt+15
-8 -8
> 4=+t+15

= 42 = (VE+15)
= 16 =t + 15

= 1=t

Check: t=1

Vi—14+V1+15=4

VO +V16 =4

0O+4=4
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We will now turn our attention to equations involving other roots and
rational exponents. The idea is the same, except the “undoing” of the
root will require a different power to be applied to both sides other than
the square.

9.

Vin—1=3
To “undo” the cube root, we will simply cube both sides:

7n=1) =33

= m—1=27
= 7n = 28
= n=4

We should check our answers for all radical equations, even
though we know that cube roots (and other odd roots) do not
typically have any issues with extraneous answers. If you plug 4
into the original equation, you will see that it makes the equation
true.

You may notice that the next example is once again a cube root, but it
has been written in a different way. You can either write it as a cube
root and cube both sides or use a more general method that will work for
any equation with a single rational exponent. In order to get rid of a
rational exponent, we can simply raise both sides to the reciprocal
power, as that will make the power 1 when we use the third exponent
rule to multiply the powers together: (b™)"™ = p™",
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10. (x3—7)%=x—1

Cube both sides since 3 is

the reciprocal ofé . Thus,
3

1 1 p— . .
= ((x3 — 7)5) — (x — 1)3 3+ 3 = 1and that will give

us (x3 — 7)! getting rid of
the rational exnonent.

= x3—-7=x—-Dx-1D(x-1)

Don’t forget what (x —
3 3 2 1)3 means. You can’t

= x> —=7=x>—-3x“+3x—-1 distribute the exponent
over subtraction. You
must FOIL this out,
multiplying two of the
factors together and then
your result by the third.

= x3—-7=x3-3x%+3x—-1
—x3+7 —x3 +7

0 = —3X2 + 3y + 6 When factoring, don.’t forget
to pull out the GCF first, and

if the leading term is

= 0= —3(X2 —x — 2) negative, pull out the
negative to make factoring
easier. Do one step at a time.

=  0=-3(x-2)(x+1)
Reminder: There is no need to

= x—2=0 ' x+1=0 set the constant factor equal to
' 0. Only the factors with

variables should be set equal to

= x=2 ; x=-—1 0.

Now check both answers:

x =2 x=-—1
@ -76=2-1  ((-1=7)5=(-1)—1
8-7) =1 (=1-7)5 = -2
(15 =1 (—8)F = —2

Both answers are solutions!
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2 2\2 +2§ Here, we put both sides to the power
= 3 = 2
= X — % since it is the reciprocal of % and
thus 2 : % =1, so we get x* (or x).

3 )

2 Don’t forget that you need a +
= x = 122 . .

symbol since you are square rooting

both sides with the 2 in the
denominator of the power.

= X =
+/23 = +2v2  (in radical form)

Checking is obvious here if you plug it back in while it is in

3
the rational exponent form 2z.

5
12. 3+x 2=235

5
First, we must isolate x ™z in order to “undo” the power:

5
3+x 2=35
-3 —3
5

x 2=32

Now, put both sides to the reciprocal power:
2

()

= X = L — - L _=
(32)% (5%/3_2)2 22 4

2
—(32)75
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Now check your answer:
5

1\ "2
3+(3) =35
3+ (4)2 = 35
3+ (VA) =35
3+ (2)° =35
3+32=35

Sometimes we have many variables and wish to solve for one of
them, as in the next example, but the technique remains the same.

13. t = 5\/% + 7 Solve for m

4
~
~
I
~
—
ul

I
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Pythagorean Theorem

Given any right triangle (a triangle that contains a 90° angle), the
lengths of the three sides of the triangle are related by the following
equation: a? + b? = ¢?

The side
opposite the
C right angle is
called the
hypotenuse

This theorem is fundamental in trigonometry and very useful for
some engineering applications. We are studying this theorem here
because this equation involves using radicals to solve for a given
side. You will encounter use in your future math (and probably
science) courses.

Examples

Find the length of the missing side for each of the following
triangle:

4 meters

L [

2 meters
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In this example, we are looking for the hypotenuse, y, which is
alone on one side of the equation. It is important to note whether
you are solving for the hypotenuse or for one of the legs in order to
know where your variable goes in the equation.

4_2 + 22 — yZ Even though we
2 technically get two
16 +4 = y roots to our
20 = yz mathematical

equation, we choose

y = i \ 20 = iZ\/§ the positive one since

y = 2\/§ meters our answer represents
length, which is

always positive.

4 443

(or y = 4.47 meters)

4 cm
lcm

Notice that we are solving for one of the legs in this example, not
the hypotenuse.

12 4+ x2 = 42
= 1+ x?>=16
= x? =15
=> x = +V15
= x =15 cm

or x = 3.87cm
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